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The coexistence of gaseous and liquid phases in an isobaric process are investigated by applying
the thermodynamic functions of the Redlich-Kwong equation. The boiling temperatures and the en-
thalpy changes of vaporization of 45 substances are obtained by numerical calculations. The results
agree with the experimental data within a few percent for the 45 considered substances. Some ther-
modynamic quantities for C3Hg at 1 atm are calculated numerically as a function of T and drawn
graphically. The Gibbs free energy indicates a polygonal line; entropy, volume and enthalpy jump
from the liquid to the gaseous phase at the boiling point. The heat capacity does not diverge to infin-
ity but shows a finite jJump at the boiling point. This suggests that a first-order phase transition may

occur at the boiling point.
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1. Introduction

Recently the behaviour near the critical point has
been illustrated, analysing some thermodynamic func-
tions in isobaric processes for van der Waals [1]
and Lennard-Jones gases [2]. Especially, all thermo-
dynamic functions in isobaric processes containing
the two intensive variables T and P have been de-
rived from the Gibbs free energy G(T,P,N) which
may be defined in terms of the partition func-
tion Y(T,P,N) in the T-P grand canonical ensemble
by G(T,P,N) = —kT logY(T,P,N), see textbooks as
e.g. [3-5] or [2, 6]. An attempt to investigate the ther-
modynamic quantities of Redlich-Kwong gases in iso-
baric processes is useful in order to compare them with
various experimental data at 1 atm [7] and to discuss
the observed first-order phase transition at the boil-
ing point [3]. The Redlich-Kwong equation [8] is of-
ten considered as satisfactory among all two-parameter
equations which retain the correction term that van
der Waals attributed to the volume occupied by the
molecules of the gas [9].

In this work, the changes in the Gibbs free energy
and enthalpy in the state of coexistence of gaseous and
liquid phases are obtained. Using the vapor-pressure
equations for Redlich-Kwong gases, the boiling tem-
peratures and the enthalpy changes by vaporization

are obtained by numerical calculations. These thermo-
dynamic quantities at atmospheric pressure for C3Hg
are determined through numerical calculations and are
graphically displayed for an isobaric process. The first-
order phase transition of Redlich-Kwong gases at the
boiling point is discussed.

2. Thermodynamic Functionsin I sobaric Processes
of Redlich-Kwong Gases

A Redlich-Kwong gas may be defined by an equa-
tion of state in which the van der Waals a-term is com-

pensated by T*,
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Here the critical temperature, pressure and volume of a gas are expressed in terms of T¢, Pc and Vc, respec-
tively. Equation (1) for s= 0.5 becomes the ordinary Redlich-Kwong equation [8]. The Helmholtz free energy
A(T,V) [4] is expressed in terms of a function ¢(T) of the temperature as

RT a a
ATV) :_/<V—b_ bTSv bTS(V+b))dV+(p(T)' ©)

The first term in (6) is the configurational part, and the second one is the kinetic part [1, 6], namely
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In classical statistical mechanics [5] the partition function of the Redlich-Kwong equation in the canonical
ensemble may be defined as

In
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a V + b]
The partition function in the T-P grand canonical ensemble then can be obtained by the Laplace transform of
Z(T,V,N) from (8),
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If N now becomes very large, one can calculate Y(T,P,N) in a saddle point approximation. From the condition
that the derivative of the integrand of (9) equals zero, we obtain a cubic equation for V which is equivalent to the
Redlich-Kwong equation:

RT a RTb ab
3_ M y\y2 < _ K _
\Y S Ve + (TSP TP b )V T5p 0. (10)
We arrive at the Gibbs free energy per mol from (9):
3. 2xmkT N a V+b PV

If the temperature, pressure and volume of the gas are expressed in terms of T¢ , Pc and Vc , respectively, then
T =0Tc, P=nP: andV = ¢Vc. The reduced equation of state obeying the principle of corresponding states is
easily derived from the Redlich-Kwong equation:

1

Using the dimensionless thermodynamic variables 6,  and ¢, the Gibbs free energy in (11) can be rewritten as

¢+Cc mwd

3
G(0,7) = —RTcO0 [C+=In6+In(¢p —C In— — — 13
with
2amkTe N
c— gln % ~In= +InVe = 707228 + g INMTe + InVe. (14)



A. Matsumoto - Redlich-Kwong Gases in Isobaric Processes of Coexistence of Two Phases 785

Here M is the molecular weight, Tc is in units of K and
Ve in units of cm3. The Gibbs free energy is a func-
tion of the molecular weight and the critical constants
of a particular gas. The reduced volume in this free en-
ergy, ¢, is obtained from the cubic equation for ¢ found
from (12) as

3co 1

¢s_§¢z+< ! ___CZ)(;,_ﬁ:o. (15)
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We finally arrive at the entropy, volume, enthalpy and
heat capacity, calculated from the Gibbs free energy:
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The derivative of ¢ with respect to 6 in (19) is calcu-
lated in the Appendix.

We now try to solve the cubic equation (15) for ¢.
Substituting ¢ = x+ a, the standard cubic equation
without x?-term is obtained:

(19)

X3 4+ 3Px—2Q=0. (20)

The value of a and the coefficients, P and Q in (20) are
given, respectively, by

a=—,
T
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and
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The determinant of the cubic equation is given as

D=P+Q". (24)

If the determinant is zero, a triple real root is found
at the critical point (r =1, 6 =1 and ¢ = 1) [1], or
a double real root and a single root are found in the
region of r < 1. In the latter case, the reduced temper-
ature 6 is given as 0; and 6, with 6; < 6,. 6, there-
fore, satisfies 8 < 6y in case of the pure liquid phase
and 6 > 6, in case of the gaseous phase. If the phase is
purely gaseous or liquid, then the solutions of (15) con-
sist of a single real root and of two conjugate complex
roots, since the determinant is always positive. The real
root is represented as

¢ =a+x=a+ VR + VR, (25)
where

Ri=Q++vD (26)
and

R, =Q—vD. (27)

The reduced temperature 6 has values in the region
from 6, to 6, if there is coexistence of gaseous and
liquid phases. The determinant is always negative, and
the three real roots are expressed as, respectively,

oc =a+ 2\/—Pcos%, (28)
¢ = a-+2v—Pcos (‘p 227:) : (29)
and
o = a-+2v/—Pcos ("’ 24”) , (30)
with
_ Q
¢ = arccos T (31)

¢ in (28) corresponds to the root for the gaseous state,
¢ in (29) to that of the liquid state, and ¢ in (30)
is the root in the region from ¢_ to ¢g. Especially,
om equals to ¢ at 6 = 6, and to ¢ at 8 = 6y in
the case that this cubic equation consists of a double
root and a single root at D = 0. If the gaseous and lig-
uid phases coexist, the change of the Gibbs free energy
between the gaseous and liquid phases at arbitrary re-
duced temperature and pressure is obtained as

_ ¢c—C 1
1 @e+C)dL LA

(o +C)pc 36
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Table 1. Boiling temperatures (Tg/K) and enthalpy changes
of vaporization (AH/kJmol~1) at 1 atm derived from the
Redlich-Kwong equation at s= 0.5.

Redlich-Kwong gas

Experimental results [7]

Gas Ts AH Ts AH
CO 82.5 6.56 81.7 6.04
Cly 240.2 21.77 238.7 20.42
Br 327.8 31.05 331.9 30.17
HCI 185.7 17.03 188.1 16.2
HBr 207.3 19.09 206.1 17.66
H,0 341.4 35.87 373.2 40.66
NH3 266.0 21.67 239.7 23.35
N2O 179.3 16.10 184.7 16.55
H,S 212.1 19.67 212.8 18.66
CS; 317.2 28.87 319.4 26.74
CCly 336.5 28.02 349.7 30.00
CHgy 115.2 9.61 111.7 8.18
CoHg 183.5 15.46 184.5 14.71
C3Hs 225.2 18.52 231.1 18.77
CsH1o 261.7 21.12 272.7 22.39
CoHg 169.7 14.33 169.4 13.54
C3Hg 220.4 18.40 2254 18.41
1-C4Hs 256.8 20.93 266.9 2191
CoH» 181.3 15.86 189.2 16.95
c-CeH12 338.3 27.63 353.9 29.96
CsHs 337.6 28.45 353.9 30.76
CH30OCH3  238.1 20.38 248.3 2151
CH3ClI 242.9 21.53 248.9 21.42
CH3Br 264.6 24.40 276.7 2391
CHjsl 308.5 27.29 315.6 27.20
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Fig. 1. The Gibbs free energy of C3Hg plotted against the
temperature at P =1 atm. Tg = 220.4 K.

The enthalpy changes are written as

s+1
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(33)

To satisfy Maxwell’s rule between ¢, and ¢g this
cubic equation determines ¢p. In the phase equilib-
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Fig. 2. The entropy of C3Hg plotted against the temperature
at P=1atm. Tg =220.4 K.

rium between gaseous and liquid states, the vapour
pressure equation for Redlich-Kwong gases is equiv-
alent to terms within the brackets of (32) at AG = 0;
in this equation the internal configuration of vibra-
tions and rotations in the gaseous and liquid states of a
gas [10] are neglected. Also, the reduced boiling tem-
perature 6g is located in the range between 6; to 6,.
AH (6g =Tg/Tc, m =1/Pc) in (33) equals the enthalpy
change of vaporization at Tg and 1 atm. Assuming that
the reduced volume in the liquid phase ¢ is trans-
formed into ¢¢ in the gaseous phase at the reduced
boiling point, some thermodynamic quantities as func-
tions of the variable 6 may be derived from (13)-(19),
and ¢ in (25), (28), and (29) denoted as ¢_ in the region
of 6 < 6g and ¢g in 6 > Og.

3. Numerical Results

Some thermodynamic functions are written as func-
tions of the variables T and P and are generally appli-
cable to all substances by using the two critical con-
stants Tc and Pc [7]. Boiling temperatures at 1 atm,
Tg, are easily found from (32), and the enthalpies of
vaporization, AH, in (33) are obtained using these boil-
ing temperatures. The boiling temperatures and the en-
thalpy changes by vaporization are shown in Table 1.
These results of Tg agree well with the experimen-
tal data [7] within a few percent, except for H,O and
NHj3. AH of Bry, N,O, C3Hg, C3Hg, 1-C4Hg, CH3C|,
CH3Br, and CHgl are all within a few percent. Numer-
ical results obtained with these thermodynamic func-
tions for C3Hg are displayed in Figs. 1-5. The Gibbs
free energy in Fig. 1 indicates a polygonal line with
a break at the boiling temperature. In the curves for
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Fig. 3. The volume of C3Hg plotted against the temperature
atP=1atm. Tg =220.4 K.
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Fig. 4. The enthalpy of C3Hg plotted against the temperature
atP=1atm. Tg =220.4 K.

the entropy, volume and enthalpy a jump is observed
from the liquid to the gaseous phase at the bound-
ary of the boiling point. As shown in Fig. 5, the heat
capacities do not diverge to infinity but show a dis-
continuity at the boiling point. The heat capacity at
35 atm shows a singularity at the boiling point. This
singularity suggests a phase transition. The general-
ized diagrams of some thermodynamic quantities ac-
companying the first-order phase transition are typi-
cally described in textbooks of physical chemistry [3].
Comparing Figs. 1-5 with these diagrams [3], the be-
haviour in the neighbourhood of the boiling point cor-
responds to a first-order phase transition.

In addition to Table 1, the precisions of Tg and AH
can be improved by fitting the parameter sin (1). The
Tg and AH values of 41 substances in Table 2 agree
well with the experimental data [7] within a few per-
cent.
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Table 2. Boiling temperatures (Tg/K) and enthalpy changes
of vaporization (AH/kJmol~1) at 1 atm derived from the
Redlich-Kwong equation involving the parameter s.

Redlich-Kwong

Experimental

gas result [7]

Gas S Ts AH T AH
Ne 0.35 27.0 1.85 27.0 1.84
Ar 0.36 86.5 6.61 87.3 6.53
Kr 0.39 119.9 9.55 119.8 9.66
Xe 0.39 1648 13.30 165.0 13.00
N> 0.41 76.5 5.69 7.4 5.58
02 0.38 89.0 6.94 90.2 6.82
co 0.43 80.8 6.13 817 6.04
NO 1.00 1193 14.02 121.4 13.81
F2 0.40 83.3 6.63 85.0 6.53
Cly 045 236.1 20.69 238.7 20.42
HCI 0.47 1838 16.52 188.1 16.15
HBr 044 202.9 17.94 206.1 17.66
H,O 0.66 361.5 42.06 373.2 40.66
NH; 0.60 2337 2391 239.7 2335
N2O 0.54 181.6 16.74 184.7 16.55
H,S 046  209.2 18.88 212.8 18.66
CS; 045 3118 27.43 319.4 26.74
CCly 059 3453 30.46 349.7  30.00
CHgy 0.35 109.5 8.23 111.7 8.18
CoHs 045 180.6 14.71 184.5 14.71
CsHs 052 2265 18.88 2311 18.77
C4H1o 0.58 267.6 22.73 272.7 22.39
CsHi2 0.64 303.4 26.17 309.2  25.77
CeH14 0.70 336.4 29.35 341.9 28.85
C7H16 0.75 364.6 32.22 3716  31.70
CioH22 0.90 4384 39.87 447.3 39.28
CaHa 0.46 167.0 13.77 169.4 13.54
CsHs 052 2218 18.76 2254 1841
1-C4Hg 0.57 262.0 22.33 266.9 21.91
CoH2 059 186.3 17.27 189.2 16.95
c-CgHi12 0.61 348.8 30.56 353.9 29.96
CsHs 0.60 347.6 31.23 3533  30.76
CH3;0OH 0.86 324.8 36.77 337.8 35.25
C2HsOH 0.99 3418 39.87 3515 3874
CH3COCH3 0.67 3211 29.90 329.4 29.12
CH3;COOCyHs  0.77 3444 32.78 350.3 32.22
CH3CHO 0.63 284.1 26.57 2936  29.12
CH30CH3 0.58 2439 21.98 248.2 2151
C2HsNH; 072 2874 28.40 289.7  28.03
CHCI3 059 3275 29.79 334.3 29.71
CHsF 0.60 1933 17.90 194.8 17.70
Appendix

The derivative of ¢ in (25) with respect to 6 can be
represented as

doy _da 1f 1 (dQ 1 dD
d6/), d6 3 |3/RZ\d6  2/Ddb

_|_

1 (dQ__1 db
YRr,2 \d6  2\/Ddo
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Fig. 5. The heat capacities at various pressures of CzHg plotted against the temperature. (a) Ts = 220.4 K at P = 1 atm;
(b) Tg = 304.5 K at P =15 atm; (c) Tg = 329.5 K at P = 25 atm; and (d) Tg = 348.5 K at P = 35 atm.

The derivatives of ¢ from (28) and ¢, from (29) with
respect to 6 are obtained as

d60 /. d6e —Pde 3
g (A.2)
L2/ ede
3V1-2  3do’
and
(mﬂ) _da 1 dPCOS<(p+27r)
do /)~ do /—pdo 3
i (A.3)
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